Abstract. In this paper, we show that the entropy production functional for the polyatomic ellipsoidal BGK model can be decomposed into two non-negative parts. Two applications of this property: the H-theorem for the polyatomic BGK model and the weak compactness of the polyatomic ellipsoidal relaxation operator, are discussed.
Introduction
In this paper, we obtain a positive decomposition of the entropy production functional of the polyatomic ellipsoidal BGK model, which is a relaxation model of the Boltzmann equation for polyatomic gases [1, 2, 3, 4, 6] :
The velocity distribution function f (t, x, v, I) denotes the number density of the particles on phase point (x, v) ∈ Ω x × R 3 v at time t ∈ R + with non-translational internal energy I 2 δ ∈ R + , where δ > 0 is the degree of freedom of non-translational motions of the molecules such as the vibration or rotation.
We define the macroscopic local density ρ(t, x), bulk velocity U (t, x), stress tensor Θ(t, x) and internal energy E δ (t, x) by ρ(t, x) = R 3 ×R + f (t, x, v, I)dvdI, U (t, x) = 1 ρ R 3 ×R + vf (t, x, v, I)dvdI,
Here, the internal energy E δ is divided into the energy due to the translational motion, and the energy attributed to the non-translational motion of the particles :
In view of the equi-partition principle, we define the corresponding temperatures T δ , T tr and T I,δ by:
The collision frequency A ν,θ is defined by A ν,θ = (ρT δ )/(1 − ν + νθ). The relaxation parameters −1/2 < ν < 1 and 0 ≤ θ ≤ 1 were introduced so that the Prandtl number and the second viscosity coefficient are correctly derived through the Chapmann-Enskog expansion. The corrected temperature tensor T ν,θ and the relaxation temperature T θ are defined by
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The polyatomic Gaussian M ν,θ is given by
Here, Λ δ is the normalizing factor: Λ δ = 1/ R + e −I 2 δ dI. This relaxation operator satisfies
which implies the conservation of mass, momentum and energy: The H-theorem for this model was verified first by Andries et al in [1] (See also [4, 5] ):
For many kinetic equations, such as the Boltzmann equation or the original BGK model, the non-negativity of the entropy production functional is the result of the following elementary inequality:
Entropy production functional D ν,θ (f ) for our model, however, has additional term besides this:
where the remainder term R ν,θ is defined by
The first term of the second line in (1.3) is clearly non-negative due to (1.2). The following theorem says that the second term is also non-negative if ν is non-negative:
Then the remainder term R ν,θ is non-negative:
This positive decomposition of the entropy production functional can be used to prove the Htheorem, and the L 1 compactness of the polyatomic Gaussian. (See Section 4.) (2) For the monatomic ellipsoidal BGK model, a rather complete result is available [8] : The remainder term is positive when ν > 0, zero when ν = 0, and negative if −1/2 < ν < 0 . For the polyatomic model, the last case is inconclusive . We leave it to future work. (3) This result is a priori estimate. For this to be rigorous, we should start from existence theory. The existence of solutions for which all the above integral and computations make sense was obtained recently in [7] . This paper is organized as follows. In Section 2, several useful lemmas are established. The proof of the main theorem is given in Section 3. In Section 4, two applications of this result: the H-theorem and the weak compactness of polyatomic Gaussian, are discussed.
Lemmas
In this section, we establish lemmas which are crucially used in the proof later. We start with a reformulation of the remainder term.
Lemma 2.1. We can write R ν,θ as
where F θ is given by
Proof. Using the identity:
where X : Y denotes the Frobenius product: A : B = i,j A ij B ij , we have
Then, recalling the identity
we compute
Since Θ is symmetric, there exists an orthogonal matrix P such that
Here, diag{a, b, · · · } denotes a diagonal matrix with diagonal entries a, b, · · · . Using the same P , we can also diagonalize T ν,θ as
Therefore, we have
so that, from the similarity invariance of the trace operator, we get
The above lemma shows that a proper estimate of F θ is important, which is given in the following lemma.
Lemma 2.2. Let 0 ≤ ν < 1 and 0 ≤ θ ≤ 1. Then we have
Proof. Case 1: (0 < ν < 1) Recall the definition of A i to see that we can write
Then, F θ , defined in Lemma 2.1, is rewritten as follows:
Now, by Jensen's inequality,
where we used Θ 1 + Θ 2 + Θ 3 = 3T tr . Therefore, we have for ν > 0,
Case 2: (ν = 0) In this case, the Θ i in the denominator vanishes and the computation is simplified a lot:
The following convexity property plays an important role in the proof of main theorem.
Then, for 0 ≤ t ≤ 1, we have
Proof. Set
Then, it is easy to see that F (0) = F (1) = 3 + δ. Therefore, the desired result follows once it is verified that F (t) is convex on t ∈ [0, 1]. First, we write
.
Then, a straightforward computation gives
Likewise,
This completes the proof.
Proof of main theorem
Now we are ready to prove the main theorem. In view of Lemma 2.1, our goal reduces to proving
We divide the proof into the following two cases.
(1) The case 0 < θ ≤ 1: Recalling Lemma 2.2 and the definition of T θ , we see that
We then apply the result of Lemma 2.3 to bound this by 3 + δ:
Now the conclusion follows directly from this and Lemma 2.1:
(2) The case of θ = 0: In this case, R ν,0 reduces to the remainder term in the entropy dissipation of the monatomic ellipsoidal BGK model:
Applications
The positive decomposition of D ν,θ (f ) can be used to derive the H-theorem, and the weak compactness of Polyatomic Gaussian M ν,θ (f n ).
4.1. H-theorem. By Theorem 1.1, (1.2) and (1.3), we see that
which gives the desired result.
